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Motivated by recent experimental and theoretical progress on the Er2Ti2O7 pyrochlore XY antiferromag-
net, we study the problem of quantum order-by-disorder in pyrochlore XY systems. We consider the most
general nearest-neighbor pseudo spin-1/2 Hamiltonian for such a system characterized by anisotropic spin-spin
couplings Je ≡{J±, J±±, Jz±, Jzz} and construct zero-temperature phase diagrams. Combining symmetry ar-
guments and spin-wave calculations, we show that the ground state phase boundaries between the two candidate
ground states of the Γ5 irreducible representation, the ψ2 and ψ3 (basis) states, are rather accurately determined
by a cubic equation in (J±J±±)/J2z±. Depending on the value of Jzz , there can be one or three phase bound-
aries that separate alternating regions of ψ2 and ψ3 states. In particular, we find for sufficiently small Jzz/J±
a narrow ψ2 sliver sandwiched between two ψ3 regions in the J±±/J± vs Jz±/J± phase diagram. From our
results, one would be able to predict which state (ψ2 or ψ3) may be realized in a real material given its set
of Je couplings. Our results further illustrate the very large potential sensitivity of the ground state of XY
pyrochlore systems to minute changes in their spin Hamiltonian. Finally, using the experimentally determined
Je ≡{J±, J±±, Jz±, Jzz} and g-tensor values for Er2Ti2O7, we show that the heretofore neglected long-range
1/r3 magnetostatic dipole-dipole interactions do not change the conclusion that Er2Ti2O7 has a ψ2 ground state
induced via a quantum order-by-disorder mechanism. As a new avenue of research in XY pyrochlore materials
distinct from the rare-earth pyrochlore oxides, we propose that the Cd2Dy2Se4 chalcogenide spinel, in which
the Dy3+ ions form a pyrochlore lattice and may be XY -like, could prove interesting to investigate.
I. INTRODUCTION
Simplified Hamiltonian (H) models of magnetic systems
with competing or geometrically frustrated interactions of-
ten feature a large number of accidentally degenerate classi-
cal ground states. Such a degeneracy can typically be lifted
energetically by additional perturbations to H, such as fur-
ther neighbor interactions, magnetic anisotropy as well as
spin-lattice coupling1. A more exotic mechanism is one in
which thermal or quantum fluctuations induce long-range or-
der within the degenerate manifold. This is the thermal or
quantum order-by-disorder (ObD) mechanism2–5.
While thermal2 and quantum3 ObD has been proposed to be
at play in a number of condensed matter systems, the number
of compelling experimental demonstrations of ObD among
real materials, as opposed to theoretical models, has remained
quite limited. In this context, the Er2Ti2O7 insulating mag-
netic pyrochlore oxide6 stands as a promising textbook exam-
ple where ObD is at the origin of the experimentally observed
long-range order.
In Er2Ti2O7, the magnetic Er3+ ions form a three-
dimensional network of corner-sharing tetrahedra, the so-
called “pyrochlore” lattice6. A free Er3+ ion has angular mo-
mentum J = 15/2. The 4I15/2 multiplet splits in the local
crystal-field environment, yielding a Kramers doublet as low-
est energy levels7. The resulting pseudo spin-1/2 moment
describing this magnetic doublet lies preferentially in an xy
plane (see Fig. 1) perpendicular to the three-fold symmetry zˆ
axis at the ion site, which is one of the cubic [111] directions.
Er2Ti2O7 undergoes a second order transition to long-range
order at a critical temperature Tc ≈ 1.2 K7–11. Defining φr as
the azimuthal angle of the magnetic moment in the xy plane
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FIG. 1: Spin configurations of ψ2 (left) and ψ3 (right) states. See
main text for description of the spin orientation for each state.
expressed in specific sublattice coordinates12 for site r, neu-
tron scattering studies7,13 determined that Er2Ti2O7 orders in
a state with φr = φ = npi/3 (n = 0, 1, 2 . . .), the so-called
ψ2 state (see Fig. 1, left), in contrast to the ψ3 state with
φ = pi/2 + npi/3 (see Fig. 1, right). Both ψ2 and ψ3 are
basis states of the Γ5 irreducible representation (irrep.)13, re-
ferred to as the Γ5 manifold hereafter. While it had been rec-
ognized for some time that quantum ObD might be at work in
Er2Ti2O77,14, the details via which ObD does actually operate
and select the non-coplanar ψ2 state had remained a central
unsolved problem until recently15–18.
Much progress has been achieved over the past year17,18 in
reaching a resolution of this quandary. Building on previous
works15,16, Refs. [17,18] showed that quantum ObD can se-
lect a ψ2 state in effective spin-1/2 models with anisotropic
exchange interactions and relevant to Er2Ti2O7. In particu-
lar, Savary et al.18 obtained a microscopic pseudo spin-1/2
model of Er2Ti2O7 by fitting the spin-wave spectrum of a
field-polarized paramagnetic state measured using inelastic
2neutron scattering. These authors pointed out that no mech-
anism exists at the mean-field level via which arbitrary range
anisotropic interactions can lift the degeneracy between ψ2
and ψ319. On the basis of their Er2Ti2O7-parametrized model,
Ref. [18] showed that quantum fluctuations select a ψ2 ground
state as observed in Er2Ti2O77,13. We show below that in-
cluding long-range dipolar interactions does not change this
conclusion.
These recent developments have motivated us to study the
following question: Given a pyrochlore XY magnet where
the Γ5 manifold has the lowest classical energy, which state,
ψ2 or ψ3, is selected by quantum fluctuations at temperatures
close to zero? In addition to its broad relevance to the field of
frustrated magnetism, this question is of importance to help
understand the ground state displayed by real magnetic py-
rochlore compounds6.
To address this question, we investigate the most general
symmetry-allowed Hamiltonian of Eq. (1) below12,20 with
nearest-neighbor bilinear spin interactions on the pyrochlore
lattice. For the interaction parameters where the ground state
belongs to the Γ5 manifold, we determine the phase bound-
aries of the ψ2 and ψ3 states by comparing the contribution
of the quantum zero-point energy from spin-waves. Combin-
ing the spin-wave results with symmetry arguments, we show
that, depending onthe value of the anisotropic couplings, ei-
ther ψ2 or ψ3 can be selected by quantum fluctuations. This
is consistent with previous Monte-Carlo studies16,17,21 for spe-
cific sets of interaction parameters where the ground state was
found to be either ψ2 or ψ3.
The rest of the paper is organized as follows. In Sec. II,
we present the model and describe the main features of its
phase diagram based on symmetry arguments. We use spin
wave calculations to map out the phase diagram quantitatively
in Sec. III. We find that Er2Ti2O7 sits deep in the ψ2 part
of the phase diagram. In Sec. IV, we show that long-range
dipolar interaction does not change the ψ2 ground state se-
lection in Er2Ti2O7. Finally, Sec. V concludes our paper
and discusses future directions, proposing in particular that
CdDy2Se4 could be an interesting material to explore the
physics of XY pyrochlore magnets outside the realm of the
R2M2O7 pyrochlore oxides6.
II. MODEL AND SYMMETRY CONSIDERATIONS
We consider the effective S = 1/2 spin Hamiltonian H =
H0 + H1 on the pyrochlore lattice with anisotropic nearest-
neighbor exchange couplings Je ≡ {J±, J±±, Jz±, Jzz}:12:
H = H0 +H112:
H0 = −J±
∑
〈ij〉
(S+i S
−
j + h.c.) + Jzz
∑
〈ij〉
Szi S
z
j (1a)
H1 =
∑
〈ij〉
J±±(γijS
+
i S
+
j + γ
∗
ijS
−
i S
−
j ) +
Jz±
(
Szi (ζijS
+
j + ζ
∗
ijS
−
j ) + i↔ j
)
, (1b)
where γij = −ζ∗ij are bond-dependent phases12,20 (Appendix
A). All spin components are written in terms of local coordi-
nates (see Fig. 1). If H1 is absent and Jzz = 0, H in Eq. (1)
reduces to a ferromagneticXY model (in terms of spin com-
ponents in the local coordinates) for which the XY (U(1))
symmetry is exact. In other words, H0 is invariant under a
simultaneous rotation about all local z ([111]) axes. As a re-
sult, the ψ2 and ψ3 states have the same classical ground state
energy. We observe that J± is the primary interaction that fa-
vors Γ5 as lowest energy manifold and note, incidentally, that
J± is the largest coupling in Er2Ti2O718. In the remainder of
the paper we set J± = 1, with all energies henceforth mea-
sured in units of J±, denoting the scaled interactions by the
corresponding lower-case letters, jzz ≡ Jzz/J± for example.
A finite jzz does not break the U(1) symmetry and the con-
sequential Ising couplings JzzSzi Szj are thus part ofH0 in Eq.
(1). The character of the ground state changes, however, from
XY -like to Ising-like if the magnitude of jzz exceeds certain
critical values: Two-in/two-out spin-ice states22 are the lowest
energy states for jzz > 6 while the ground state becomes the
all-in-all-out22 state if jzz < −2.
The lattice is not invariant under an arbitrary rotation about
the local z ([111] cubic) axes. This allows for a finite H1 that
breaks the U(1) symmetry explicitly18. In addition to Ising-
like states, the Γ5 manifold is adjacent to several other phases
in the parameter space spanned by jz±, j±± and jzz . For
j±± > 2, the Palmer-Chalker (PC) state23 (i.e. the ψ4 state of
the Γ7 irrep.13) is the ground state. Simple energy minimiza-
tion determines the phase boundary between the Γ5 manifold
and a state with ferromagnetic moments canted from the [100]
cubic direction, or “splayed ferromagnetic” (SF) state20,24.
j
(Γ5)
±± =
4j2z±
6− jzz − 2. (2)
The Γ5 with degenerate ψ2 and ψ3 states is realized in a range
of j±± that satisfies j(Γ5)±± < j±± < 2.
Within Γ5, the energy of ψ2 and ψ3 remains the same at
the classical level for arbitrary (J±, J±±, Jz±, Jzz)18. This
accidental degeneracy is expected to be generically lifted by
quantum fluctuations. To lowest order, the energy contribu-
tion from quantum fluctuations is the sum of the zero-point
energy of spin-wave modes, denoted as E0(ψi) with i = 2, 3.
Before describing the results of our spin-wave calculations,
it is instructive to investigate the expected analytical proper-
ties of δE(j±±, jz±) ≡ E0(ψ2) − E0(ψ3) on the basis of a
symmetry analysis.
Consider first δE(j±±, 0); a rotation about the local z axes
by pi/2 transforms φ→ φ+pi/2. Consequentially, j±± trans-
forms as j±± → j±± exp(ipi) = −j±± while the spin con-
figurations of the ψ2 and ψ3 states are interchanged:
δE(j±±, 0)→ δE(−j±±, 0) = E0(ψ3)− E0(ψ2)
= −δE(j±±, 0).
(3)
We conclude that δE(j±±, 0) is an odd function of j±±. Simi-
larly, a rotation about the local z axes by pi changesφ→ φ+pi.
Under this transformation, jz± → jz± exp(ipi) = −jz± and
j±± → j±±, with the ψ2 and ψ3 states preserved under this
rotation, and δE(j±±, jz±) is thus an even function of jz±.
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FIG. 2: δE(j±±, 0) (top) is an odd function of j±± and δE(0, jz±)
(bottom) is an even function of jz±. The insets show, in the form
of log-log plots, the fit (solid blue line) of |δE(j±±, 0)| to j3±± and
δE(0, jz±) to j6z± for j±± > 0 and jz± > 0, respectively. The
fits (blue solid lines) were performed over the range [0.01, 0.1] for
both j±± and jz±. The deviation of the data (symbols) from the fit
reflects the slight departure of δE(φ) from the strict cos(6φ) form
and thus the cubic polynomial in x in Eq. (4) .
These symmetry properties constrain the overall topology of
the phase diagram for−2 < jzz < 6.
Symmetry considerations also help us write down the low-
est order expansion of δE in terms of a polynomial in the
dimensionless couplings jz± and j±±. Due to the cubic sym-
metry of the lattice, the lowest order and most relevant U(1)
symmetry-breaking term is cos(6φ)15,18 where φ is the az-
imuthal angle in the xy plane of the local frame. cos(6φ) =
+1 and −1 for the ψ2 and ψ3 state, respectively, and δE
is proportional to the coefficient of cos(6φ). We note that
anisotropy terms of the form sin(6nφ) are absent: using the
definition of local z axis in Fig. 1, an improper four-fold
rotation around the global z axis together with a time rever-
sal transforms Sxi to Sxi and S
y
i to −Syi , or φ to −φ. Since
sin(6nφ) is odd under this transformation, such terms are for-
bidden in the (free) energy.
Since one power of S+ contributes exp(iφ), we write down
the polynomial expansion of δE with the help of a simple
power counting relation, j±± ∼ exp(±i2φ) and jz± ∼
exp(±iφ), getting:
δE ≈ c3j3±± + c2j2±±j2z± + c1j±±j4z± + c0j6z±
≡ c3j6z±
(
x3 + c˜2x
2 + c˜1x+ c˜0
)
,
(4)
where x ≡ j±±/j2z±. and the ci coefficients are functions of
jzz . Restoring all factors of J±, we have x = (J±J±±)/J2z±.
The form (4) is the most general cubic polynomial in j±± and
j2z± and the phase boundaries between the ψ2 and ψ3 states
are determined by the real solutions of Eq. (4) with δE = 0 .
We therefore expect the number of phase boundaries between
ψ2 and ψ3 states to evolve smoothly between 1 and 3 as jzz is
varied. We now proceed to explicitly check these expectations
on the basis of spin-wave calculations about the ψ2 and ψ3
states.
III. SPIN-WAVE CALCULATIONS
Apprised with the above symmetry-constrained under-
standing of the phase diagram, we now present the results of
our spin-wave calculations. We employ the standard Holstein-
Primakoff boson to represent fluctuations about long-range or-
dered ψ2 and ψ3 states. Since the spins point along the local x
and y direction in ψ2 or ψ3, respectively (see Fig. 1), the spin
components in local coordinates are written as:
S
(x,y)
i = S − a†iai, (5a)
S
(y,z)
i =
√
2S
2
(a†i + ai), (5b)
S
(z,x)
i =
√
2S
2i
(ai − a†i ). (5c)
The superscripts (µ, ν) of S(µ,ν)i correspond to the boson rep-
resentation for spins in the (ψ2, ψ3) state, respectively. We
substitute (5) into (1) and keep terms up to quadratic order in
ai and a†i . The bosons are written in term of Bloch modes and
the spin-wave spectrum is determined in the usual way by a
Bogoliubov transformation25. We define the total zero-point
energy for ψ2,3 states, E0(ψ2,3) as:
E0(ψi) ≡ 1
N
∑
k
3∑
α=0
h¯ωiα(k)
2
, (6)
where 12 h¯ωiα(k) is the zero-point energy of the spin-wave
mode of momentum k for ψi state (i = 2, 3). α labels the
spin-wave branches and the summation over k is restricted to
the first Brillouin zone. N is the number of primitive tetrahe-
dra units. Some ωiα(k = 0) become imaginary if the interac-
tion parameters puts the system outside the phase boundaries
between the Γ5 manifold and the PC or SF long-range ordered
states, which both have a k = 0 ordering wavevector.
We define δE as δE ≡ E0(ψ2) − E0(ψ3). Positive or
negative δE signals that ψ3 or ψ2 is selected by quantum fluc-
tuations, respectively. To check the symmetry arguments in
Sec. II, we first calculate δE(0, j±±) and δE(jz±, 0) for
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FIG. 3: Phase boundaries separating the ψ2 and ψ3 states for different values of jzz ≡ Jzz/J±. The solid red lines are phase boundaries
between the Γ5 manifold and the Palmer-Chalker (PC, or ψ4 state of the Γ7 irrep13, or the splayed ferromagnetic (SF) state, or, within Γ5,
between the ψ2 and ψ3 states. Within the Γ5 manifold, ψ2 is selected within the blue shaded regions. The various symbols correspond to
values of Je ≡ {J±, Jz±, J±± and Jzz} for pyrochlore systems previously studied12,17,18,21. The XY antiferromagnet model of Ref.16
is at jzz = jz± = 0 and j±± = 2, that is at the ψ2 (PC) boundary where quantum fluctuations select ψ216,17. The red circle in ψ2
(Jzz/J± = −0.5 panel) is for Er2Ti2O718. Despite uncertainties in its Je couplings, we find that Er2Ti2O7 remains deeply in the ψ2 region
and does not cross in either ψ3 or ψ4 (PC). The yellow squares in ψ2 (Jzz/J± = 0 panel) are for the model of Ref. [17] with anisotropic
coupling ja ≡ Ja/J in their notation. With J±±/J± = (4 − ja)/(2 + ja), their model approaches the ψ2 (PC) boundary as ja → 0+.
The green triangle (Jzz/J± = −0.5, Jzz/J± = 0, Jzz/J± = 0.5, Jzz/J± = 2.0, Jzz/J± = 3.0 panels) on the ψ3/SF boundary is for
the Heisenberg pyrochlore antiferromagnet with indirect Dzyaloshinskii-Moriya interactions15 of varying strength studied in Ref. [21] which,
coincidentally, resides on the Γ5/SF boundary at the classical level (Appendix A). The orange diamond corresponds to Yb2Ti2O712. Because
of the uncertainty in J±, Jz±, J±± and Jzz , Yb2Ti2O7 “inhabits” the Jzz/J± = 2.0 and Jzz/J± = 3.0 panels. The green box delineates the
ranges J±±/J± ∈ [0.6, 1.5] and Jz±/J± ∈ [−3.8,−2.2], which extends well to the left of the vertical J±±/J± axis, hence the left pointing
arrows. This figure illustrates that the Hamiltonian of Yb2Ti2O7 sits in the same SF phase recently reported for Yb2Sn2O724, far from the Γ5
manifold (ψ2 and ψ3) as well as the ψ4 (PC) state.
jzz = 0. As shown in Fig. 2, δE(0, j±±) ∼ j3±± and
δE(Jz±, 0) ∼ j6z±, consistent with Eq. (4).
We then scan the jz± and j±± parameter space for several
values of jzz . The results are shown in Fig. 3, which con-
stitutes our main result. There is only one phase boundary
dividing regions of ψ2 and ψ3 states for large negative and
positive jzz . For intermediate values of jzz , 0 <∼ jzz <∼ 3 we
observe three phase boundaries separating alternating regions
of ψ2 and ψ3 . As jzz → 3 from below, the (lower) narrow ψ2
sliver region, sandwiched between two ψ3 regions, expands
and merges with the large ψ2 region for jzz ∼ 3. Also, the
same narrow ψ2 sliver disappears rapidly for jzz <∼ 0. As
expected, all phase boundaries touch at jz± = j±± = 0 for
arbitrary jzz . No other phases but ψ2 and ψ3 were found sta-
bilized by quantum fluctuations within the Γ5 manifold.
It is appropriate at this point to comment on the role of
higher order anisotropic terms in δE(φ). While we expect
higher order corrections to δE beyond cos(6φ) of the form∑
n>0 g2n+1 cos{6(2n+ 1)φ)} (terms such as cos(12nφ) do
not distinguish ψ2 and ψ3), these do not lead to qualitative
new behavior for the J±±/J± vs Jz±/J± phase diagram on
the basis of our spin-wave calculations. In particular, no more
than three ψ2/ψ3 phase boundaries are observed in our ex-
plicit quantum spin wave calculations, in agreement with the
heuristic arguments leading to Eq.(4). One does note in the
insets of Fig. 2 deviations of δE, for either large Jz±/J±
or J±±/J±, away from the strict power laws (∼ J6z± and
∼ J3±±) behaviors expected on the basis of the lowest cos(6φ)
harmomic (i.e. Eq. (4)). Referring to Fig. 3, the roots of the
Eq. (4), δE = 0, would give for the ψ2/ψ3 phase bound-
aries j±± = ωµ(Jzz)j2z± (where µ = 1, 2, 3 and ωµ a real
number). This form would lead to a gap between the bound-
aries defining the narrow ψ2 sliver that would monotonously
widen as jz± increases if the cubic Eq. (4) for δE was exact.
However, as can be seen in Fig. 3 for Jzz/J± = −0.5 and
Jzz/J± = 0, the width of the sliver first grows as Jz±/J±
increases, reaches a maximum width, and then narrows as the
classical boundary Γ5/SF boundary given by Eq. (2) is ap-
5proached from inside the Γ5 region. It therefore appears that
the corrections to δE beyond cos(6φ) merely lead to a slight
renormalization of the “internal” (i.e. within the Γ5 region)
ψ2/ψ3 phase boundaries defining the narrow ψ2 sliver in the
Jzz/J± = 0, 0.5 and 2.0 panels of Fig. 3.
IV. THE ROLE OF LONG-RANGE DIPOLAR
INTERACTION IN ER2TI2O7
Our knowledge of the general phase diagram
in Fig 3 for anisotropic nearest-neighbor exchange
Je = {J±, J±±, Jz±, Jzz} motivates us to return to an
important material-relevant question: what is the role of the
long-range 1/r3 magnetostatic dipole-dipole interaction in
allowing for a ψ2 ground state induced by quantum ObD in
Er2Ti2O77,11,13? The magnetic moment of Er3+ in the local
XY plane is approximately 3 µB 7. As a result, the strength
of the nearest-neighbor part of the dipolar interaction is of
the order of 15% to 50% of the Je parameters determined in
Ref.[18]. It is therefore natural to ask whether the dipolar
interaction beyond the nearest-neighbor affects the quantum
ObD. proposed to be at play in Er2Ti2O717,18
To address this question, we adopt the values of Je =
{Jzz, J±, J±±, Jz±} with their uncertainty from Savary et
al.18. In order to avoid a double accounting of the nearest-
neighbor contribution from the dipoles implicitely contained
in the experimentally determined Je, we need to subtract
the nearest-neighbor contribution from the dipolar interaction
from the Je determined in Ref. [18].
Working with bare couplings, the nearest-neighbor part of
the dipolar Hamiltonian is:
Hdip = D
∑
<ab>
[
Sa · Sb
|Rab|3 − 3
(Sa ·Rab) (Sb ·Rab)
|Rab|5
]
(7)
where
D =
µ0µ
2
B
4pi
. (8)
Here µ0 is the permeability of free space, µB is the Bohr mag-
neton, and a0 = 10.07 A˚8,26 is the conventional cubic unit
cell lattice constant of Er2Ti2O7. The nearest-neighbor dis-
tance |Rab| = a0
√
2/4.
Translating the dipolar interaction into a
{Jdipzz , Jdip± , Jdip±±, Jdipz±} notation, we obtain the following
couplings for the dipolar contribution to the nearest-neighbor
interactions:


Jdipzz
Jdip±
Jdip±±
Jdipz±

 = D12


20gz
2
−gxy2
7gxy
2
−2√2gxygz

 (9)
where gxy and gz are the perpendicular and longitudinal g-
tensors with respect to the local [111] direction, respectively.
We subtract these dipolar contributions from the experimental
{Jzz, J±, J±±, Jz±} couplings in Savary et al.18.
The nearest-neighbor dipole couplings we find for the best-
fit couplings and g-tensors reported in Ref. [18] are (g-
tensored values in 10−2 meV)


Jdipzz
Jdip±
Jdip±±
Jdipz±

 =


1.18997
−0.353283
2.47298
−0.410071

 . (10)
These values differ slightly from the values
(0.8,−0.46, 3.2,−0.38) reported in the Supplementary
material of Ref. [18] as the authors of that paper did not use
their own best fitted g-tensor values for their calculation of
the Jdipuv values.
We next proceed to calculate the spin-wave spectrum in-
cluding long-range dipolar interaction following the method
of Ref. [25] using either ψ2 or ψ3 as reference (degener-
ate) classical ground state. The Fourier transformation of
the long-range dipolar interaction is evaluated using Ewald
summation25,27 The calculation is carried out for a total of
36 = 729 sets of couplings and g-tensor values within the
following ranges reported in Ref. [18]: Jzz = −2.5 ± 1.8,
J± = 6.5± 0.75, J±± = 4.2 ± 0.5, gxy = 5.97± 0.08, and
gz = 2.45±0.23. For all 729 combinations of these six quan-
tities, our calculations show that the ground state of Er2Ti2O7
is ψ2 when the long-range dipolar interactions are properly
accounted for.
While the Jdipuv couplings in Eq. (10) are not small compared
to the experimental J euv determined in Ref. [18], the conclu-
sion that quantum order-by-disorder into ψ2 is operational for
Er2Ti2O7 is unchanged because the material “resides” deeply
in theψ2 state of the phase diagram of Fig. 3 (Jzz/J± = −0.5
panel). That being said, we would expect that consideration
of the long-range dipolar interaction would renormalize the
spin-wave gap − a necessary signature of the broken discrete
symmetry ψ2 state16 − computed in Ref. [18].
The conclusion of Ref. [18] that quantum ObD is respon-
sible for the ψ2 ground state for the nearest-neighbor Je ex-
change parameters determined by inelastic neutron scattering
is thus upheld. This is the main result of our work as per the
ground state of Er2Ti2O7.
V. DISCUSSION
In this work,we studied the quantum order-by-disorder for
a pyrochlore XY magnet with Je = {J±, Jz±, J±±, Jzz} ex-
change couplings between effective spin-1/2 degrees of free-
dom. We determined the region of Je interaction parameters
where the classically degenerate Γ5 manifold is the ground
state by minimizing the classical energy. Within the Γ5 mani-
fold, the boundaries between theψ2 andψ3 states are obtained
by comparing the contribution of zero-point energy from spin
waves to the total energy of the system. We recover the results
of several previous works16–18,21 as special cases of our study
(see caption of Fig. 3).
We exposed that there can be one or three phase bound-
aries depending on the value of Jzz . This observation was
6anticipated since the number of ψ2/ψ3 phase boundaries is
accurately controlled by the number of real solutions of the
cubic Eq. (4). While the exact location of the phase bound-
aries are expected to shift if interactions between spin-waves
are included or the temperature is finite, the topology of the
phase diagram is, however, governed by the symmetry argu-
ments presented in this paper. Guided by these arguments,
it would be interesting to explore how the phase boundaries
between ψ2 and ψ3 states evolve with temperature. Such a
phenomenon was studied in Ref. [21] where ψ2 order below
and near the critical temperature changes to ψ3 order at lower
temperature. We expect such a scenario to occur in materials
close to one of the ψ2/ψ3 zero temperature phase boundaries.
In addition, we speculate that Er2Sn2O7 may be close to one
of the ψ2/ψ3 phase boundaries, where the selection of either
state can become weak, or close to the ψ2/PC boundary near
J±±/J± = 2. This could help explain why Er2Sn2O7 fails to
order down to 50 mK28–30.
Other possibilities for exploring the physics of XY py-
rochlore magnets may include Er2Ge2O7 and Yb2Ge2O731. It
may also be possible that some of the aforementioned phases
may be realized in materials other than the R2M2O7 py-
rochlore oxides6. For example, the CdR2Se2 and CdR2S2
chalcogenide spinel compounds, in which theR trivalent rare-
earth ions sit on a regular pyrochlore lattice of corner-sharing
tetrahedra, provide a new opportunity for the study of frus-
trated magnetism on the pyrochlore lattice32. By rescaling the
crystal field parameters determined for the spinel-based spin
ice compound CdEr2Se433, we predict (Appendix B) that the
Dy3+ ions in the sister compound CdDy2Se4 would be XY -
like and could possibly realize some of the interesting physics
described above.
Given the rich phase diagram of Fig. 3, especially that
of the Γ5 manifold, it would be interesting to investigate
whether transitions between ψ2 and ψ3 states can be driven by
various control parameters. This includes external magnetic
field along different symmetry directions9, hydrostatic34,35 or
chemical pressure36 as well as random disorder, being either
“intrinsic” and caused by magnetic rare-earth ions substituting
for the transition metal ion (e.g Ti4+, dubbed as “stuffing”)37
or “extrinsic” and driven by diluting the Er3+ sites by non-
magnetic Y3+ ions, for example38,39. With the deeper under-
standing of quantum ObD inXY pyrochlore magnets reached
in the present work, we hope that our work will stimulate fur-
ther systematic experimental and theoretical studies of XY
pyrochlore oxides and spinel materials.
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Appendix A: TRANSLATION BETWEEN DIFFERENT
CONVENTIONS
The Hamiltonians of Ref. [17] and [21] are, respectively:
HZ =
∑
〈ij〉
[(
J + Ja
3
)
S
⊥
i · S⊥j −
Ja
3
(
S
⊥
i · S⊥j
−3 (S⊥i · rˆij) (S⊥j · rˆij))] , (A1a)
HC =
∑
〈ij〉
[
J (Si · Sj) +D
(
Ωˆ
DM
ij · Si × Sj
)]
.(A1b)
Here the superscript ⊥ denotes the component perpendicu-
lar to the local [111] axes (i.e. the XY model). rˆij is the
unit vector pointing from site i to site j. D is the strength
of Dzyaloshinskii-Moriya (DM) interaction. ΩˆDMij is the DM
vector40 on bond 〈ij〉 such that D > 0 corresponds to indirect
DM interaction. We first translateJ andJa inHZ of Ref. [17]
above:
J± =
J
6
+
Ja
12
, J±± =
J
3
− Ja
12
, Jzz = Jz± = 0.
(A2)
As a result, j±± = (4J −Ja)/(2J +Ja) and jzz = jz± = 0.
We note here that had Ref. [17] considered Ja > 4, we pre-
dict from the results in Fig. 3 that they would have observed
order-by-disorder in ψ3.
We now translate J and D in the Hamiltonian HC of
Ref. [21] above:
J± =
J
6
+
√
2D
6
, J±± =
J
3
−
√
2D
6
,
Jzz = −J
3
+
2
√
2D
3
, Jz± =
√
2J
3
+
D
6
.
(A3)
Consequentially, we have:
j±± =
2J −√2D
J +
√
2D
, (A4a)
jzz =
−2J + 4√2D
J +
√
2D
, (A4b)
jz± =
2
√
2J +D
J +
√
2D
. (A4c)
For 0 < D <∞, −2 < jzz < 4.
Below we define γij and ζij in the convention of Ref. [12].
The pyrochlore lattice has four sublattices 0, 1, 2 and 3. Both
γij and ζij are labeled by the sublattices site i and j belong
7to.
γ01 = −ζ∗01 = γ23 = −ζ∗23 = 1, (A5a)
γ02 = −ζ∗02 = γ13 = −ζ∗13 = exp
(
2pii
3
)
, (A5b)
γ03 = −ζ∗03 = γ12 = −ζ∗12 = exp
(
−2pii
3
)
. (A5c)
Appendix B: EXPECTED EFFECTIVE XY SPIN FOR Dy3+ in
CdDy2Se4 SPINEL
Recent work33 has shown that in CdEr2Se2, the Er3+ can
be described by a classical Ising spin (with gzz = 16.05,
and gxy = 0), with the system displaying a residual Paul-
ing entropy and is thus a spin ice compound1,6. The effective
pseudospin-1/2 anisotropy, or components of the g-tensors, of
a ground-state doublet are determined from the crystal field
Hamiltonian, Hcf , acting on the rare-earth ion. Ref. [33] pro-
vides an estimate of the parameters that determine Hcf for
CdEr2Se2. This, in return, allows one to roughly estimate
the crystal field parameters of other rare-earth ions in a same
isotructural familly. Here, we are particularly interested in
CdDy2Se4 studied in Ref. [32].
The crystal field Hamiltonian, Hcf acting on a rare-earth
can be written as
Hcf =
∑
i
∑
l,m
B˜ml O
m
l (Ji) , (B1)
where the B˜ml are the crystal field parameters and the
Oml (J
z
i , J
±
i ) are the Stevens equivalent operators functions
of the components Jzi and J±i of the angular momentum41,42.
In the so-called Stevens formalism, B˜02 ≈ αJ 〈r2〉A02, where
A02 is a point charge lattice sum representing the crystal-field,
〈r2〉 the expectation value of r2 for the 4f electrons, and where
we neglected the so-called charge shielding factor6. As dis-
cussed in Ref. [6], the αJ Stevens factor41,42 changes sign in a
systematic pattern throughout the lanthanide series. It is posi-
tive for Sm, Er, Tm and Yb and negative for all others. So, the
sign of B˜02 depends on the product αJA02. As Ref. [33] finds
A02 < 0
43 for Er3+ in CdEr2Se4, a key factor for making Er3+
Ising-like in this compound, we thus expect B˜02 to be positive
for Dy3+ in CdDy2Se432, thus suggesting that Dy3+ would be
XY-like in CdDy2Se4.
To investigate this suggestion further, we take the Aml co-
efficients (Bml in the notation of Ref. [33,43]) and, using the
Stevens factors for Er3+ and Dy3+42, the 〈rn〉 radial expecta-
tion values for Er3+ and Dy3+ taken from Ref. [44], we can
estimate the B˜ml in Eq. (B1) for CdDy2Se4. We find B˜02 =
−260.95, B˜04 = −957.65, B˜34 = −1139.5, B˜06 = 167.93,
B˜36 = −256.97 and B˜66 = 142.96, all in K units. We then pro-
ceed to diagonalize Hcf , finding a ground state doublet with
g-tensor components gzz = 3.36 and gxy = 8.19, with an
energy gap of ∆ = 18.1 K from the lowest energy excited
doublet.
With gxy/gzz ∼ 2.4, we are thus led to anticipate that
the CdDy2Se432 might constitute an interesting realization of
magnetic system described by a pseudospin-1/2 Hamiltonian
such as Eq. (1) in the main text, and whose thermodynamic
properties may be rationalized on the basis of the discussion
presented in the paper. In particular, being an XY system,
it may display a phenomenon of quantum order-by-disorder
if its exchange parameters Je position it in the Γ5 phase dia-
gram of Fig. (3) in the main text. Alternatively, depending on
its Je couplings, it may find itself in either a ψ4 or SF phase
or even allow for a more exotic possibility, and display a U(1)
quantum spin liquid or Coulomb ferromagnet as discussed in
Ref. [20].
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